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1. INTRODUCTION
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Understanding the fate and transport of dissolved 

contaminants in the groundwater system is importance 

Motivation
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Advantages of Analytical model

- Testing and validating numerical formulations

- Providing approximate analysis of pollution threat 

scenarios

- Performing sensitivity analysis to investigate how various 

parameters affect the processes of contaminant transport

- Extrapolating results over large times or extensive spatial 

scales

- Screening tool



- A number of analytical models has been derived for describing single-species 

transport of various contaminants.

(Batu, 1993; Chen et al., 2016a,b, 2017; Chen and Liu, 2011; Gao et al., 2013; 

Leij et al., 1993; Liang et al., 2016; Park and Zhan, 2001; Pérez Guerrero and 

Skaggs, 2010; van Genuchten and Alves, 1982; Yeh, 1981; Zhan et al., 2009,...)

- Disadvantage of single-species transport analytical models:

CAN NOT account for mass transformation from the parent species to the 

daughter species of degradable contaminants.

6

Literature Reviews
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Developing multispecies transport analytical models are 

required in order to more accurately evaluate the transport 

process of degradable contaminants.

PCE → TCE → DCE → VC → ETH

Ammonium (NH4-N) → Nitrate (NO3-N) → Nitrite 

(N2O,N2)
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Multispecies transport analytical models

- Only a small number of papers use analytical or semi-analytical 

models for multispecies transport.(Chen et al., 2012a,b, 2016a; 

Clement, 2001; Lunn et al., 1996; Mieles and Zhan, 2012; Pérez 

Guerrero et al., 2009, 2010; Quezada et al., 2004,…)

- All these multispecies transport analytical models have been derived 

by considering equilibrium controlled sorption process
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Assumption:

The rate of mass adsorption/desorption between the 

dissolved and sorbed phases is considered to occur 

rapidly in comparison to the time-scale required for the 

movement of contaminants through a porous medium.

Equilibrium controlled sorption



Rate-limited sorption process can have a profound effect 

on the transport behaviors of the sorbing contaminants.

- If the equilibrium assumption is not valid, the sorption behavior 

should be described as a rate-limited process. 

- Haggerty and Gorelick, 1994 , Clement et al. (2004): 
The use of a rate-limited sorption model can be very different from the results 

obtained from the equilibrium-controlled sorption model in predicting 

contaminant concentrations and remediation time

10

Rate-limited Sorption
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  →

Rate of sorption:

 = 5  = 0.5



dissolved phase  

sorbed phase  

Equilibrium controlled 
sorption Rate-limited sorption



Objective:

Develop a novel semi-analytical model for describing

multispecies reactive transport subject to rate-limited sorption.
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- Investigating the effects of the rate-limited sorption on the

multispecies transport of degradable contaminants.

- Investigating how the inlet boundary condition affects the

multispecies transport.
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2. MATHEMATICAL MODEL
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Dissolved phase
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C: Dissolved concentration

S: Sorbed concentration

Schematic representation of the reactive transport of decaying 

contaminants subject to rate-limited sorption between the 

dissolved phase and sorbed phase
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Governing equation

𝐷
𝜕2𝐶1(𝑥,𝑡)

𝜕𝑥2
− 𝑣

𝜕𝐶1(𝑥,𝑡)

𝜕𝑥
− 𝜆1𝐶1(𝑥, 𝑡) −

𝛽1

𝜃
𝐶1(𝑥, 𝑡) −

𝑆1(𝑥,𝑡)

𝐾1
=

𝜕𝐶1(𝑥,𝑡)

𝜕𝑡
(1)

𝐷
𝜕2𝐶𝑖(𝑥,𝑡)

𝜕𝑥2
− 𝑣

𝜕𝐶𝑖(𝑥,𝑡)

𝜕𝑥
− 𝜆𝑖𝐶𝑖(𝑥, 𝑡) + 𝜆𝑖−1𝐶𝑖−1 𝑥, 𝑡 −

𝛽𝑖

𝜃
𝐶𝑖(𝑥, 𝑡) −

𝑆𝑖(𝑥,𝑡)

𝐾𝑖
=

𝜕𝐶𝑖(𝑥,𝑡)

𝜕𝑡

𝑖 = 2,… , 𝑁 (2)

𝜌𝑏
𝜕𝑆𝑖(𝑥,𝑡)

𝜕𝑡
= 𝛽𝑖 𝐶𝑖(𝑥, 𝑡) −

𝑆𝑖(𝑥,𝑡)

𝐾𝑖
𝑖 = 1,… ,𝑁 (3)

𝑪𝒊 𝒙, 𝒕 : the concentration of species i in dissolved

phase

𝑺𝒊(𝒙, 𝒕): the concentration of species i in sorbed phase

𝒙: the spatial coordinate

𝒗: the average uniform pore-water velocity

𝝀𝒊: the first-order degradation rate constant of species i

in the dissolved phase

𝒕: time

𝜽: porosity

𝝆𝒃: bulk density of the solid grain

𝑲𝒊: the distribution coefficient of species i

𝜷𝒊: the first-order sorption rate constant of 

species i between the dissolved and sorbed

phases

𝑫: the hydrodynamic dispersion coefficient
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𝐶𝑖 𝑥, 𝑡 = 0 = 0 𝑖 = 1,… ,𝑁

𝑆𝑖 𝑥, 𝑡 = 0 = 0 𝑖 = 1,… ,𝑁

Initial Condition:

𝐶𝑖 𝑥 = 0, 𝑡 = 𝑐𝑖,0 𝑖 = 1,… , 𝑁

First-type condition:

−𝐷
𝜕𝐶𝑖 𝑥 = 0, 𝑡

𝜕𝑥
+ 𝑣𝐶𝑖 𝑥 = 0, 𝑡 = 𝑣𝑐𝑖,0 𝑖 = 1, … , 𝑁

Third-type condition:

Boundary condition:

Outlet boundary condition:

𝜕𝐶𝑖(𝑥 = 𝐿, 𝑡)

𝜕𝑥
= 0 𝑖 = 1,… , 𝑁
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3. RESULTS AND DISCUSSION

The biodegradation pathway of the chlorinated solvent:

PCE → TCE → DCE → VC → ETH



Effect of the kinetic sorption rate constant 
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t = 1 year 
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x = 165.35 m



𝐷𝑎𝑖 =
𝛽𝑖𝐿

𝑣

The sorption Damköler number

(𝐷𝑎𝑖: a dimensionless number to relate the sorption reaction rate to the advective transport rate )

With 𝛽𝑖 = 50 𝑦−1, 𝐷𝑎𝑖 =
𝛽𝑖𝐿

𝑣
=

50 𝑦−1×330.7𝑚

34.0𝑚/𝑦
= 486
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With Da > 486, The equilibrium-controlled sorption model will agrees

well with the rate-limited sorption model.



Effect of inlet boundary condition
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t = 1 year



𝑀𝑎𝑠𝑠 𝑓𝑙𝑢𝑥 𝑒𝑟𝑟𝑜𝑟 = −𝐷
𝜕𝐶𝑖 𝑥 = 0, 𝑡

𝜕𝑥
+ 𝑣𝐶𝑖 𝑥 = 0, 𝑡 − 𝑣𝑐𝑖,0
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𝑃𝑒 =
𝑣𝐿

𝐷

𝛽𝑖 = 5 𝑦𝑒𝑎𝑟−1
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Pe = 5



4. CONCLUSIONS

- Increasing the kinetic sorption rate constant leads to lower

concentration predictions for all species of the degradable

contaminants.

- The equilibrium-controlled sorption model can replace the rate-

limited sorption model when the ratio of the Damköler number to the

product of the distribution coefficient and bulk density is greater

than 2 or 3 order of magnitude.

- The health risk might be underestimated when an equilibrium-

controlled sorption model is used for assessing the exposure

concentration in the health risk assessment of the contaminated site.
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