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1. INTRODUCTION
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MOTIVATION: 
- Groundwater resources are an essential source of drinking water to 

the large population all across the world.

- Groundwater mixing with the leaking/released contaminants from 
the industrial and agricultural sectors.

(www.aadnc-aandc.gc.ca)
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- Aquifer sites mostly encounter complex multiple species
contamination (radioactive waste, chlorinated solvents, nitrogenous
species,…) rather than the single species contamination.

Multiple species contamination: 

U238 → U234 → Th230 → Ra226 → Rn222 → Pb

Pu238 → U234 → Th230 → Ra226 → Rn222 → Pb

PCE → TCE → DCE → VC → ETH

Ammonium (NH4-N) → Nitrate (NO3-N) → Nitrite (N2O,N2)

Understanding the fate and transport of dissolved
contaminants in the groundwater system is importance



Literature Review: Analytical method (1/2)
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All the above proposed analytical solutions assume steady state flow
conditions and ARE NOT applicable to problems with temporally or
spatially varying velocities and dispersion coefficients.

- Numerous analytical solutions to the multispecies advection-
dispersion equations coupled with sequential first-order decay 
chains have been proposed till date.

- Srinivasan (2008) presented an analytical procedure for the 
multispecies model for an infinite and semi-infinite domains
with any number of species. 

- Pérez Guerrero et al. (2009) and Chen et al. (2012) derived the 
analytical solutions for the coupled multi-species transport 
problems on finite domain.



Literature Review: Analytical method (2/2)
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- Suk (2016) subsequently derived an advanced analytical solution 
for sequentially coupled multispecies advection-dispersion 
equations which can additionally incorporate different 
retardation factors, temporally varying decay rates and inlet 
boundary conditions, and arbitrary initial conditions in a finite 
domain.

- However, the aforementioned analytical solutions are only 
applicable to reactive problems with regular boundaries and 
mostly used for validation of numerical models. 

Therefore, multispecies reactive transport for real
field problems can only be studied by capable
numerical models.



Mesh-based methods:
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Leonardo, A.F. (2015)

Disadvantages of mesh-based methods:
- Can not model variety of complex reactive transport accurately.

- Mesh-based methods have a limitation to repeat the time consuming 
meshing and re-meshing steps until the model gives accurate result.

- Mesh-based techniques can not handle complexities in the problems 
with high Peclet numbers and moving boundaries.

Meshless models are emerged as best 
replacement to FDM/FEM



Difference between mesh-based and 
meshless method:
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- Meshless consists in subdividing the structure in nodes. At each 
node, we associate a weight function and a shape function 
defined on a small domain. 

- FEM uses shape functions which are defined on elements.



Meshless methods:
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- A set of scattered nodes are used to completely define the problem 
domain and its boundaries. 

- They offer a lot of convenience in adding or removing the nodes from 
already defined nodal arrangement.

- These methods transform the governing partial differential equations 
into a system of algebraic equations using the collocation approach 
(strong form) or integral operation (weak form).

Types of 
meshless 
method

Strong-form methods: point collocation method (PCM), radial
point collocation method (RPCM)

Weak-form methods: meshless local Petrov-Galerkin method 
(MLPGM) and element-free Galerkin method (EFGM).



Literature Review: Meshless method
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- Most of the developed meshless techniques have been 
implemented on single species transport.

- Anshuman and Eldho (2019) used a meshless strong-form 
RPCM to develop a multispecies reactive transport model. 

While use of integral operator in meshless weak-form methods 
reduces numerical error and hence, provide stable and accurate 
solution. 

Limitation of strong form: 
- The differential operator in these methods enlarges error in an 

approximation and sometimes it results in unstable and less 
accurate solution. 

- Do not produce robust models because they may use different 
input parameters for different problems.



Objectives: 
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- Test over a few complex problems with reversible reaction 

network, spatially or temporally varying transport parameters, 

time dependent inlet boundaries.

- Compare with the published analytical solutions. 

- Simulate the groundwater flow and chlorinated solvents (PCE, 

TCE, DCE and VC) in the two-dimensional hypothetical and 

synthetic field aquifers.

A new EFGM coupled model is presented to solve the

sequentially coupled multispecies advection-dispersion

equations for the one-and two-dimensional unconfined

aquifer problems.



2. MATHEMATICAL 
MODEL
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Groundwater flow model
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The governing equation:

The initial and boundary conditions:

h x, y, t : the head (m)
K𝑥 and K𝑦: hydraulic 

conductivities
S𝑦: specific yield

𝑡: time (d)
h𝑑 x, y, t : the known head at 
the Dirichlet boundaries (m)
Q𝑤: extraction rate (m3/d/m2)
𝑞: recharge rate (m/d)
q𝐵: the inflow rate (m3/d/m)



Reactive transport model
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The governing equation represents the advection-dispersion model:

The initial and boundary conditions:

𝒗𝒙 and 𝒗𝒚: the transport velocities (m/d)

𝑫𝒙𝒙 and 𝑫𝒚𝒚:  dispersion coefficients 

(m2/d)
𝒄𝒊: concentration of the ith species in the 
flow region (mg/L)
𝒌𝒊: the 𝑖th species first order decay 
constant (d−1)
𝑹𝒊: 𝑖th species retardation factor
Y𝑖∕𝑖−1 : effective yield factor which 
represents the mass of the daughter 
species i produced from the parent species 
𝑖 – 1
𝒏𝒙 and 𝒏𝒚: the unit vectors normal to the 

boundary

Dispersion Advection Sorption Decay



3. Results and Discussion
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Verification example 1: 

Sequential decay reaction of four species (c1 → c2 → c3 → c4) 
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Verification example 2: 

Check the capacity of the EFGM model for more complex transport
problems involving reversible reaction network

Illustration of the reversible reaction system for 
four species transport.
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Verification example 2: 
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When initial species concentrations are non zero 
and is assumed to follow exponential distributions:



Case Studies:
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Case study 1: Reactive transport of chlorinated solvents in hypothetical aquifer 
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Concentration distribution after 6 months:
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Concentration distribution after 1 year:
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Concentration of contaminants at P1, P2, P3, P4:

The concentration breakthrough curves (BTC) from EFGM agree 
well with the those from RT3D
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Case study 2: Reactive transport of chlorinated solvents in 
synthetic field aquifer

Blue lake aquifer, North California, USA.
- Area: 27.7 𝐾𝑚2

- The nodal spacing:  161 m
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The distributions of 4 species plumes after 10 years:
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Concentration of contaminants at P1, P2, P3:

The concentration breakthrough curves (BTC) from EFGM are in 
good agreement with the those from RT3D



4. CONCLUSIONS
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- The capability of the developed model to solve the multispecies 
reactive transport problems with spatially or temporally varying input 
coefficients was also demonstrated. 

- Excellent agreement was found between EFGM and the analytical 
solutions in all the one-dimensional verification problems. 

- The developed model was then applied to simulate the groundwater 
flow and chlorinated solvents in two-dimensional hypothetical and 
synthetic field aquifers. The EFGM solutions were compared with 
RT3D solutions for both problems and a good agreement was found 
between them. 
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